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Abstract
A modular lattice L with 0 and 1 is called quotient finite dimensional (QFD) if [x,1] has no
infinite independent set for any x ∈L. We characterize upper continuous modular lattices L that have
dual Krull dimension k0(L) α, by relating that with the property of L being QFD and with other
conditions involving subdirectly irreducible lattices and/or meet irreducible elements. In particular,
we answer in the positive, in the more general latticial setting, some open questions on QFD modules
raised by Albu and Rizvi [Comm. Algebra 29 (2001) 1909–1928]. Applications of these results are
given to Grothendieck categories and module categories equipped with a torsion theory.
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A nice result of C. Faith [13,14] establishes that a right module MR is Noetherian if
and only if M is QFD (i.e., quotient finite dimensional) and satisfies the ascending chain
condition on subdirectly irreducible submodules. Now observe that an arbitrary poset P
satisfies the ascending chain condition (i.e., is Noetherian), if and only if it has dual Krull
dimension k0(P )  0. Thus, Faith’s result can be reformulated in a dual Krull dimension
setting for the lattice L(M) of all submodules of M and its subset S(M) of subdirectly
irreducible submodules of M as follows: k0(L(M))  0 ⇔ L(M) is a QFD lattice and
k0(S(M)) 0.
A natural question raised by Albu and Rizvi [6, Open Problem, p. 1927] asks whether
the above reformulation of Faith’s result holds for an arbitrary ordinal α instead of 0. One
aim of this paper is to give a positive answer to this question for any finite ordinal. As
in our previous paper Albu, Iosif, and Teply [3] we will illustrate here a general strategy,
which consists on putting a module-theoretical theorem, in our case Faith’s Theorem, in a
latticial frame, in order to translate that theorem to Grothendieck categories and to module
categories equipped with a hereditary torsion theory. Thus, we prove even more, that the re-
sult holds for any upper continuous modular lattice satisfying certain additional conditions
which are automatically verified by L(MR) for any module MR . To do that, we first char-
acterize upper continuous modular lattices L which have dual Krull dimension k0(L) α,
by relating that with the property of L being QFD and with other conditions involving sub-
directly irreducible elements and/or meet irreducible elements. Many of our results in this
respect are true for arbitrary or countable ordinals. An important tool in proving them is
a dual poset version of a theorem of Goodearl and Zimmermann-Huisgen [16] that relates
the Krull dimension of a module and reverse well-ordered chains of its submodules.
We also give a positive answer in the more general case of upper continuous modular
lattices to another Open Problem raised by Albu and Rizvi [6, p. 1923] about the evaluation
of the dual Krull dimension of a module MR in terms of the dual Krull dimension of the
factors of submodules of M by suitable small submodules.
The most natural applications of our results established in the general setting of upper
continuous modular lattices are for module categories equipped with hereditary torsion
theories, as well as for Grothendieck categories. We present them in the last section of the
paper.
0. Preliminaries
In this section we present the basic terminology and results for posets and lattices that
are used in this paper.
All lattices L considered in this paper are assumed to have a least element denoted by 0
and a last element denoted by 1. However, partially ordered sets P , for short posets, are
not necessarily assumed to have 0 or 1. For a poset P and elements a  b in P we write
b/a := [a, b] = {x ∈ P | a  x  b},
[a, b[ := {x ∈ P | a  x < b}, ]a, b] := {x ∈ P | a < x  b}.
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spectively b/c) for some c ∈ b/a. We say that the interval b/a is simple if a = b and
b/a = {a, b}.
We denote by L (respectively U) the class of all lattices with 0 and 1 (respectively upper
continuous modular lattices). Throughout this paper a lattice will always mean a member
of L, and (L,,∧,∨,0,1), or more simply, just L, will always denote such a lattice. The
opposite lattice of L will be denoted by L0. We will use Z to denote the integers, Q to
denote the rationals, and R to denote the real numbers.
For all undefined notation and terminology on lattices, the reader is referred to Birk-
hoff [10] or Crawley and Dilworth [11].
Throughout this paper R will denote an associative ring with nonzero identity element,
and Mod-R the category of all unital right R-modules. The notation MR will be used to
designate a unital right R-module M . The lattice of all submodules of a module MR will
be denoted by L(MR).
Definitions 0.1. A poset P with 0 and 1 is said to be subdirectly irreducible (or colocal),
abbreviated SI, if P = {0} and the set P \ {0} has a least element; i.e., there exists an
element 0 = x0 ∈ P such that x0  x for every 0 = x ∈ P .
An element s ∈ P is said to be a subdirectly irreducible element of P if the interval 1/s
is a subdirectly irreducible poset.
Dually, a poset P with 0 and 1 is said to be local (or cosubdirectly irreducible) if
P = {1} and the set P \ {1} has a last element; i.e., there exists an element 1 = x1 ∈ P such
that x  x1 for every 1 = x ∈ P .
Clearly if a poset P with 0 and 1 is subdirectly irreducible (respectively local), then
P \ {0} (respectively P \ {1}) has a unique minimal (respectively maximal) element, but
not conversely. Indeed, for any right R-module M with simple nonessential socle (e.g., take
R =M = F ×Z, where F is any field), the posetL(MR)\{0} of all nonzero submodules of
M has a unique minimal element, but the lattice L(MR) is not subdirectly irreducible. Note
that if for every element 0 = x ∈ P (respectively 1 = x ∈ P ) of a poset P with 0 and 1 there
exists a minimal element x0 of P \ {0} (respectively a maximal element x1 of P \ {1}) such
that x0  x (respectively x  x1), then P is subdirectly irreducible (respectively local)
if and only P \ {0} (respectively P \ {1}) has a unique minimal (respectively maximal)
element.
Observe that a module MR is subdirectly irreducible (respectively local) if and only if
the lattice L(MR) of all submodules of MR is subdirectly irreducible (respectively local).
For any poset P with 1 we denote by S(P ) the set of all subdirectly irreducible elements
of P ; i.e.,
S(P ) := {x ∈ P | 1/x is SI}.
For any module MR we set S(MR) := S(L(MR)). Notice that this set has been denoted in
Albu and Rizvi [6] by C0(MR).
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for all nonzero elements x, y ∈ L.
An element x of a lattice L is said to be meet irreducible if x = 1 and whenever x =
a ∧ b for a, b ∈ L, one has a = x or b = x , or equivalently, if the lattice 1/x is uniform.
For any lattice L we denote by I(L) the set of all meet irreducible elements of L, and
for any module MR we set I(MR) := I(L(MR)).
Remarks 0.3. (1) The set S(L) may be empty; for instance, take as L the interval [0,1] of
real numbers. However, for any nonzero module MR we have S(MR) = ∅ (see, e.g., Albu
and Rizvi [6, Lemma 0.2]).
(2) For any lattice L we have S(L) ⊆ I(L). Indeed, if s ∈ S(L) and s = a ∧ b for
a, b ∈L, then a = s or b = s, for otherwise, we would have m a and m b, where m is
the least element of ]s,1]; hence s < m a ∧ b = s, which is a contradiction.
In general, the inclusion S(L) ⊆ I(L) may be strict. Indeed, if L is the interval [0,1]
of R, then S(L) = ∅ and I(L) = L.
(3) The set I(L) may be also empty. Indeed, let I = [0,1[⊂ R and consider the lattice
L = (I × I) ∪ {(1,1)} ordered componentwise. Observe that for any (a, b) ∈ L \ {(1,1)}
we have (a, b)= ((1+a)/2, b)∧ (a, (1+b)/2). Hence (a, b) is not meet irreducible in L.
However, for any nonzero module MR we have I(MR) = ∅ by (1) and (2).
Lemma 0.4. Let L ∈ U , and let x ∈ L. If m is a maximal element of [0, x[, then for every
u ∈ L with u ∧ x = m there exists s  u that is maximal with respect to the property
s ∧ x = m. Moreover, the interval 1/s is subdirectly irreducible with the unique atom
s ∨ x.
Proof. Let S = {t ∈ L | t  u and t ∧ x = m}. Then u ∈ S. If C is a chain in L such that
C ⊆ S, then by upper continuity
(∨
C
)
∧ x =
∨
s∈C
(s ∧ x)=
∨
m=m.
So Zorn’s Lemma implies that there exists a maximal element s of S. Also (s ∨ x)/s 
x/(s ∧ x)= x/m by modularity, and hence s ∨ x is an atom of 1/s.
If s < p for p ∈L, then p ∧ x > m by the definition of s. But x  p ∧ x >m and x/m
simple now imply that p ∧ x = x , and hence p  s ∨ x. Thus the atom s ∨ x is contained
in every p ∈]s,1]. Therefore 1/s is subdirectly irreducible. 
Corollary 0.5. Let L ∈ U , and let a < b in L. If y ∈ S(b/a), then there exists x ∈ S(L)
such that b/y  (b ∨ x)/x .
Proof. Let s be the atom of b/y. By Lemma 0.4 there exists x ∈ S(L) such that x ∧ s = y .
If b∧ x  s, then s = s ∧ (b∧ x)= y ∧ b = y , which is a contradiction. Thus b∧ x  s. It
follows that b ∧ x = y , since y ∈ S(b/a) and b ∧ x ∈ b/y . By modularity we deduce that
(b ∨ x)/x  b/(b∧ x)= b/y . 
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the dual Krull dimension) of P (see also Albu and Smith [8, Section 3]), and by g(P ) its
Gabriel dimension. A nice result due to Lemonnier [19, Corollaire 6] states that an arbitrary
poset P has Krull dimension if and only if it has dual Krull dimension. Any poset having
Krull dimension has also Gabriel dimension, but in general, not conversely.
For the definition and basic properties of the Krull dimension and dual Krull dimension
(respectively Gabriel dimension) of a poset the reader is referred to Lemonnier [19] or Mc-
Connell and Robson [21] (respectively to Albu [1] or Na˘sta˘sescu and Van Oystaeyen [23]).
We will use the following result.
Lemma 0.6 (McConnell and Robson [21, Proposition 6.1.10]). Let P be a poset and let n
be a natural number. Then k0(P ) = n if and only if the interval of ordinal numbers [0,ωn)
(or, equivalently, the ordinal number ωn viewed as a poset) can be embedded into P , but
the interval [0,ωn+1) (or, equivalently, the ordinal number ωn+1 viewed as a poset) cannot
be embedded into P .
We have denoted by ω the first transfinite ordinal, that is the order type of the set N =
{0,1,2, . . .} of natural numbers. For other not explicited notation, as well as for basic
properties of the arithmetic of ordinal numbers, the reader is referred to Rosenstein [25].
Lemma 0.7. Let L ∈ U , and let α be an ordinal. If for each x ∈ S(L), k0(1/x) exists
(respectively k0(1/x)  α), then for each a < b in L and for each y ∈ S(b/a), k0(b/y)
exists (respectively k0(b/y) α).
Proof. The result follows at once from Corollary 0.5. 
Definition 0.8. One says that a lattice L has finite Goldie (or uniform) dimension if there
is no infinite independent subset of L. The lattice L is said to be QFD (i.e., quotients have
finite Goldie dimension) if 1/x has finite Goldie dimension for every x ∈L.
The next result, originally proved for modules by Lemonnier (see [20, Lemme 1.1]), is
an important tool for our paper. In the sequel we shall refer to it as Lemonnier’s Lemma.
Lemma 0.9 (Lemonnier’s Lemma [8, Lemma 3.4]). Let P be a property of the class U of
all upper continuous modular lattices, which satisfies the following condition:
(∗) if L is a lattice having P, then there exist a < b in L and c1, c2 ∈ b/a with c1 ∨ c2 = b,
c1 ∧ c2 = a, c1 = a, and the lattice c2/a again having the property P.
Then, any L ∈ U having P is not QFD.
Lemma 0.10 (Albu, Iosif, and Teply [3, Theorem 4.1]). The following assertions are equiv-
alent for a lattice L ∈ U .
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(2) For every directed set D ⊆ L there exists d0 ∈ D such that, for every d ∈ D with
d ∈ [d0,∨D[, d is small in (∨D)/d0.
1. Main results
This section contains the main results of the paper. Specifically, we relate the property
of an upper continuous modular lattice of having dual Krull dimension (respectively having
dual Krull dimension k0(L)  α) with the property of L being QFD and with other con-
ditions involving subdirectly irreducible elements and/or meet irreducible elements of L.
We prove that if α is any ordinal, then k0(L)  α if and only if L is QFD, L is rich in
subdirectly irreducibles, and k0(1/x) α for all x ∈ S(L) (Theorem 1.21). The existence
and magnitude of k0(L) is also characterized in terms of the existence and size of k0(S(L))
in Theorems 1.15 and 1.18. As a consequence we answer in the positive an open problem
raised by Albu and Rizvi [6] for modules.
One tool in establishing these results is an extension to posets of a result due to Goodearl
and Zimmermann-Huisgen [16] concerning the relationship between the Krull dimension
of a module and the length of reverse well-ordered chains of its submodules (Theo-
rem 1.11). At the end of section, we answer in the positive (Theorem 1.28) in the more
general latticial setting another open problem raised by Albu and Rizvi [6] for modules.
Definition 1.1. A poset P is said to be rich in subdirectly irreducibles if for every a < b
in P , the interval b/a has a subdirectly irreducible quotient interval b/c.
Proposition 1.2. The following assertions are equivalent for L ∈ U .
(1) L is rich in subdirectly irreducibles.
(2) For each a < b in L there exist x < y in b/a such that y/x is simple.
(3) For each a < b in L there exist x < y in b/a such that y/x is compact.
(4) For each a < b in L there exist x < y in b/a such that y/x is compactly generated.
(5) For each a < b in L there exist x < y in b/a such that y/x has (dual) Krull dimension.
(6) For each a < b in L there exist x < y in b/a such that y/x has Gabriel dimension.
Proof. (1)⇔ (2) follows immediately from Lemma 0.4.
The implications (2)⇒ (4), (4)⇒ (3), and (2)⇒ (5) are obvious.
(3)⇒ (2) follows from the Krull’s Lemma for lattices (see, e.g., Albu, Iosif, and Teply
[3, Corollary 2.3]).
(5)⇒ (6) follows from the fact that every poset having Krull dimension has also Gabriel
dimension (see, e.g., Albu [1, Proposition 2.1]).
(6) ⇒ (2). By Albu [1, Proposition 1.15], if P is any poset with Gabriel dimension
α > 0, then for every ordinal β with 0  β < α there exist u < v in P such that v/u is
(β + 1)-simple. In particular, for β = 0, there exist u < v in P such that v/u is 1-simple,
i.e., v/u is a simple interval. Apply this fact for P = y/x. 
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ducibles. In particular, if L has (dual) Krull dimension or L is semi-Artinian, then L is
rich in subdirectly irreducibles.
Corollary 1.4. Any compactly generated lattice L ∈ U is rich in subdirectly irreducibles.
Proof. For any a < b in L, the interval b/a is compactly generated by Albu, Iosif, and
Teply [3, Lemma 2.1(2)]. Now apply Proposition 1.2. 
Remarks 1.5. (1) The poset reduced to 0 is by definition rich in subdirectly irreducibles.
(2) Clearly, we can express equivalently the property of a lattice L being rich in subdi-
rectly irreducibles as follows: S(b/a) = ∅ for every a < b in L. Thus, if L = {0} is rich
in subdirectly irreducibles, then S(L) = ∅, but not conversely; if L = [0,1/2] ∪ {1} ⊆ R,
then S(L) = {1/2} = ∅, but L is not rich in subdirectly irreducibles since S([0,1/2])= ∅.
(3) For any module MR , the lattice L(M) is rich in subdirectly irreducibles by Albu and
Rizvi [6, Lemma 0.2] or by Corollary 1.4.
(4) Examples involving torsion theories of lattices that are rich in subdirectly irre-
ducibles, will be provided in Section 2.
Lemma 1.6. The following statements are equivalent for a nonzero lattice L ∈ U .
(1) The lattice L is rich in subdirectly irreducibles.
(2) For every a < b in L, one has
a =
∧
x∈S(b/a)
x.
Proof. Observe first that if a lattice L is rich in subdirectly irreducibles, then so is any of
its intervals [x, y], and S(L) = ∅ ⇔ L = {0}. Therefore, it is sufficient to prove only that
0 =
∧
x∈S(L)
x
if the lattice L is rich in subdirectly irreducibles. Set y = ∧x∈S(L) x , and assume that
y = 0. Since L is rich in subdirectly irreducibles, there exists m ∈ S(y/0). By Corollary 0.5
there exists also an s ∈ S(L) such that y/m (y ∨ s)/s. By the definition of y , it follows
that y  s, and so (y ∨ s)/s = {s}. Thus y/m is a singleton, which is a contradiction.
Consequently, y = 0, and we are done. 
Corollary 1.7. If L ∈ U is a nonzero lattice that is rich in subdirectly irreducibles, then
0 =
∧
x∈S(L)
x.
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irreducible element of the lattice L, but for every 0 < a < b in L, the interval [a, b] has
no subdirectly irreducible elements; in particular, the lattice L is not rich in subdirectly
irreducibles. This example shows that a lattice L ∈ U may satisfy the property
0 =
∧
x∈S(L)
x
of Corollary 1.7 without being necessarily rich in subdirectly irreducibles.
Lemma 1.9. Let L ∈ U , and let x < y in L. If C is a well-ordered chain of type α in
S(y/x), then there is a well-ordered chain of type α in S(L).
Proof. Let C = {xβ} in S(y/x), and let sβ/xβ be the initial simple subinterval of y/xβ .
Choose y0 ∈ L maximal with respect to y0 ∧ s0 = x0. Now suppose that, for each γ < β ,
we have chosen yγ maximal with respect to the conditions yγ > yδ for all δ < γ and
yγ ∧ sγ = xγ .
Note that x < xδ  sβ ∧ yδ < sβ  y for each δ < β. Since xδ is subdirectly irreducible
in y/x , either sβ ∧ yδ = xδ or else sβ ∧ yδ  sδ . But the second choice can not happen by
the definition of yδ . Hence sβ ∧ yδ = xδ for δ < β . Now if
xβ ∨
(∨
δ<β
yδ
)
 sβ,
then we have
sβ = sβ ∧
(
xβ ∨
(∨
δ<β
yδ
))
= xβ ∨
(
sβ ∧
(∨
δ<β
yδ
))
(by modularity)
= xβ ∨
(∨
δ<β
(sβ ∧ yδ)
)
(by upper continuity)
 xβ ∨ xβ = xβ (by sβ ∧ yδ = xδ < xβ, ∀δ < β).
This contradiction to sβ/xβ simple shows that
xβ ∨
(∨
δ<β
yδ
)
 sβ.
Hence we can use Zorn’s Lemma to choose yβ maximal with respect to the conditions
yβ  yδ for all δ < β and yβ ∧ sβ = xβ .
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of 1/yβ by the maximality choice of yβ , and so yβ ∈ S(L). Thus the map xβ → yβ gives
an order-preserving map from the chain C to a chain C′ = {yβ} in S(L). If yβ = yγ for
some γ < β , then
xγ = sγ ∧ yγ (by definition of yγ )
= sγ ∧ yβ (as yβ = yγ by hypothesis)
 sγ ∧ xβ (by definition of yβ)
= sγ
(
xβ > xγ and xγ ∈ S(y/x) implies xβ  sγ > xγ
)
.
This contradicts the definition of sγ ; hence the map xβ → yβ is one-to-one, and so C′ has
order type α. 
Corollary 1.10. Let L ∈ U , and let α  −1 be a finite ordinal. If k0(S(L))  α, then
k0(S(y/x)) α for any x < y in L.
Proof. Suppose that k0(S(y/x))  α for some x, y ∈ L, x < y . Since α < ω, it follows
that y/x has a chain {xβ} of order type ωα+1 in S(y/x). Now using Lemmas 0.6 and 1.9,
we obtain a contradiction. 
In Goodearl and Zimmermann-Huisgen [16] a result is proved that relates the Krull
dimension to the length of reverse well-ordered chains of submodules. This proof works in
the poset setting and is easily dualized to our next result.
For a poset P we shall denote by λ(P ) the so called codepth of P ; i.e., the least ordinal
that does not embed in P . See also Lau, Teply, and Boyle [17], where the term of depth
of P , denoted by δ(P ), has been defined as the least ordinal that does not embed in P 0.
Theorem 1.11. For a poset P the following conditions are equivalent.
(a) k0(P ) exists and is countable.
(b) λ(P ) is countable.
In case conditions (a) and (b) are met and k0(P ) = α > 0, then
ωβ < λ(P) ωα+1 for all ordinals β < α.
In case α is finite, the lower bound for λ(P ) can be improved to
ωα < λ(P).
Proof. Observe first that the proof of Goodearl and Zimmermann-Huisgen [16, Theorem]
works not only for the lattice L(MR) of all submodules of a module MR but also for any
poset Q since it uses only the structure of ordered set of L(MR); so, mutatis mutandis, it
can be easily adapted to any poset Q. If now P is a given poset, apply this poset version of
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k(Q)= k0(P ) and that their ordinal κ(Q) is exactly our codepth λ(P ). 
In relating k0(L) to k0(S(L)), a difficult part of the problem is to prove the existence of
k0(L) from the existence of k0(S(L)). The following result will be useful in that regard.
Corollary 1.12. Let L be an upper continuous modular lattice. If k0(S(L)) is a countable
ordinal, then for any x, y ∈L with x < y , k0(S(y/x)) exists and is countable.
Proof. Since k0(S(L)) is countable, then λ(S(L)) is also countable by Theorem 1.11.
It follows from Lemma 1.9 that λ(S(y/x))  λ(S(L)). Hence k0(S(y/x)) exists and is
countable by Theorem 1.11. 
Lemma 1.13. Let L ∈ U be a QFD lattice that is rich in subdirectly irreducibles. If L
contains a chain of order type ωα for some ordinal α  1, then S(L) contains a chain of
order type ωα .
Proof. Let C = {cγ }γ<ωα be a chain in L of order type ωα , and let m= supC. Since L is
QFD, using Lemma 0.10, we can suppose that cγ is small in m/c0 for every γ < ωα .
Since L is rich in subdirectly irreducibles, we can find an element x1 ∈ S(m/c0). We
have cγ ∨ x1 < m for every γ , and ∨γ<ωα (cγ ∨ x1) = m. Since x1 <m, it follows that
there exists an ordinal σ(1) such that x1 < cσ(1) ∨ x1 <m. Note that the set [σ(1),ωα[ can
be partitioned into disjoint subsets ∆γ = {β | cβ ∨ x1 = cγ ∨ x1}. Let Γ be a complete set
of representatives of the ∆γ ; i.e., form Γ by taking one ordinal from each set ∆γ . Then∨
γ∈Γ (cγ ∨ x1) = m. Let β = supΓ . If β < ωα , then m =
∨
γ∈Γ (cγ ∨ x1)  (cβ ∨ x1),
which is a contradiction. Thus β = ωα , and so Γ is a cofinal subset of ωα . It follows that
Γ has the order type ωα . Note that cγ ∨ x1 is small in m/x1 for each γ  σ(1); hence
we may replace the elements cγ , γ  σ(1) from our original chain with the elements
cγ ∨ x1, γ ∈ Γ , and we obtain a chain {cγ } of order type ωα with upper bound m and
x1 < cσ(1).
Now suppose that, for an ordinal β < ωα , we have a chain {xδ}δ<β in S(m/c0) and an
increasing sequence of ordinals σ(δ), each less that ωα , such that {cγ }σ(δ)γ<ωα lies above
xδ for each δ < β .
If β is not a limit ordinal, then we may proceed as in the case β = 1 to define xβ and
σ(β).
Next, assume that β is a limit ordinal and let x = supδ<β xδ . By construction, xδ < cσ(δ)
for each δ < β ; hence x m. If x =m, then m = supδ<β cσ(δ), which is impossible since
ωα does not have a cofinal subset of type β . Consequently x <m, and since L is rich in
subdirectly irreducibles, we can find an element xβ ∈ S(m/x) ⊆ S(m/c0). It follows that
xβ > xδ for each β > δ. Now we may proceed again as in the case β = 1.
So, by transfinite induction we obtain a chain {xδ}δ<ωα of type ωα in S(m/c0). Thus
we can find a chain of type ωα in S(L) by Lemma 1.9. 
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Corollary 1.14. The following statements hold for a QFD lattice L ∈ U that is rich in
subdirectly irreducibles.
(1) If λ(L) = ωα for α  1, then λ(S(L)) = ωα .
(2) If λ(L) = ωα + β , where 1 β < ωα+1, then ωα < λ(S(L)) λ(L).
Theorem 1.15. Let α be a countable ordinal, let L ∈ U , and let k0(L)= α.
(1) If 1 α < ω or if α is a limit ordinal, then k0(S(L)) = α.
(2) If α = δ + 1 for some δ −1, then k0(S(L)) = δ or k0(S(L)) = δ + 1.
Proof. Clearly k0(S(L)) exists and k0(S(L)) = γ  α for some ordinal γ . The conclusion
of the theorem is trivial for α = 0; so we assume that α  1. By Theorem 1.11, we have
λ(S(L))  ωγ+1  ωα+1. Also by Theorem 1.11, ωβ < λ(L) for each β < α, and ωα <
λ(L) if α is finite. Thus L contains a chain of type ωβ for each β < α and a chain of
type ωα if α is finite. By Lemma 1.13, S(L) also has chains of these types. Hence ωβ <
λ(S(L)) ωγ+1  ωα+1 for each β < α, and ωα < λ(S(L)) if α is finite. The conclusions
of the theorem are now an easy consequence of these inequalities. 
Remarks 1.16. Both possibilities may occur in Theorem 1.15. For example, there is a
lattice L with two elements satisfying k0(L)= 0 and k0(S(L)) = −1, and there is a lattice
with three elements satisfying k0(L)= k0(S(L)) = 0.
Lemma 1.17. Let L ∈ U satisfying the following three conditions.
(1) L is QFD;
(2) L is rich in subdirectly irreducibles;
(3) S(L) has countable dual Krull dimension.
Then L has (dual) Krull dimension.
Proof. Let P be the property of upper continuous modular lattices given by L has property
P if and only if L satisfies (1), (2), and (3), but k0(L) does not exist. We suppose that there
is a lattice L with property P and seek a contradiction.
Since k0(L) does not exist, then L contains a chain C  Q. Choose a < b in C.
Then b/a has a subdirectly irreducible quotient b/d ; say s/d is the minimal simple in-
terval in b/d . Choose m ∈ L maximal with respect to m ∧ s = d . Then m ∈ S(L). If
m= d , set S1 = {d}, and note that both C ∩ (d/0) and C ∩ (1/d) have chains isomorphic
to Q.
Suppose that we have constructed a chain Sn = {s1, s2, . . . , s2n−1} of 2n − 1 elements
of S(L) such that s1 < s2 < · · ·< s2n−1 and
(a) s1/0 contains a dense chain C0 of L; and
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(c) 1/s2n−1 contains a dense chain C2n−1 of L.
For each chain Ci choose ai < bi in Ci . Without loss of generality we may assume
that bi = sup{c ∈ Ci | c < bi}. Then bi/ai has a subdirectly irreducible quotient bi/di ;
say s¯i/di is the minimal simple subinterval of bi/di . Choose mi ∈ L maximal with
respect to mi ∧ s¯i = di . Then mi ∈ S(L). If mi = di for each i , set Sn+1 = Sn ∪
{d0, d1, . . . , d2n−1}. Then Sn+1 ⊆ S(L) and Sn+1 satisfies conditions similar to (a), (b),
and (c) above.
If we could continue this process indefinitely, then
⋃∞
i=1 Si would be a dense chain
in S(L), which contradicts condition (3) of property P. Therefore, in our construction
process, we must find elements a′ < b′ such that b′/a′ contains a dense chain C′  Q
with b′ =∨((b′/a′) ∩ C′) and a subdirectly irreducible quotient interval b′/d ′ such that,
if s′/d ′ is the simple subinterval of b′/d ′ and if m′ ∈L is chosen maximal with respect to
m′ ∧ s′ = d ′, then m′ > d ′. Let C′ = {c′α}. Since
∨
C′ = b′ > d ′, then there exists γ such
that c′γ  d ′. We consider four cases.
Case 1. For all α, c′α  s′. For c′α  c′γ , d ′ < c′γ ∨ d ′  c′α ∨ d ′  s′. By subdirect irre-
ducibility, c′α ∨ d ′ = s′ for all c′α  c′γ . Now we have the sublattice








c′γ ∧ d ′

d ′  c′γ
s′

By modularity, the elements d ′ ∧ c′α with c′α > c′γ form a dense chain in d ′/(c′γ ∧ d ′);
so d ′/(c′γ ∧ d ′) fails to have dual Krull dimension.
Case 2. For some α, cα > s′. Then b′/cα contains a dense set, and hence b′/d ′ fails to have
dual Krull dimension. Moreover, we have a diamond sublattice








d ′

m′  b′
m′ ∨ b′

Case 3. There exist δ and β such that c′δ < c′β , c′δ and c′β are incomparable to s′, and
c′ ∨ s′ = c′ ∨ s′. Since c′ is incomparable to s′, we obtain the sublatticeδ β δ
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






s′ ∧ c′δ

s′  c′δ
s′ ∨ c′δ

Since c′β/c′δ contains a dense set and since (s′ ∨ c′δ)/c′δ  s′/(s′ ∧ c′δ) by modularity, then
s′/(s′ ∧ c′δ) contains a dense set; so s′/(s′ ∧ c′δ) fails to have dual Krull dimension.
Case 4. If c′δ and c′β are incomparable to s′ and c′δ < c′β , then c′δ ∨ s′ < c′β ∨ s′. Then we
obtain the sublattice










m′ ∧ s′ =m′ ∧ b′ = d ′

m′ 
s′
b′
m′ ∨ b′

Since b′/s′ contains the dense chain {c′α ∨ s′ | c′α > c′δ}, then b′/d ′ fails to have dual Krull
dimension.
In each of the four possible cases, we obtain incomparable elements c1, c2 of L such
that c2/(c1 ∧ c2) does not have dual Krull dimension. Trivially c2/(c1 ∧ c2) inherits con-
ditions (1) and (2) of property P. Finally, Corollary 1.12 shows that c2/(c1 ∧ c2) satisfies
condition (3) of property P, and hence c2/(c1 ∧ c2) has property P. Now Lemonnier’s
Lemma implies that L is not QFD, which is the required contradiction. 
Theorem 1.18. The following conditions are equivalent for L ∈ U .
(1) k0(L) exists and is countable.
(2) (a) L is QFD;
(b) L is rich in subdirectly irreducibles;
(c) k0(S(L)) exists and is countable.
If conditions (1) and (2) are met and −1  k0(S(L)) = α, then k0(L) = α or k0(L) =
α + 1. Moreover, the first equality occurs if 0 α < ω.
Proof. (1)⇒ (2) is trivial, and (2) ⇒ (1) follows by combining Lemmas 1.17, 1.13, and
Theorem 1.11. The final assertions are immediate from Theorem 1.15. 
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by Albu and Rizvi [6, p. 1927]. The problem is still open for arbitrary ordinals, although
Theorem 1.18 gives considerable information for countable ordinals.
Corollary 1.19. The following statements are equivalent for a module MR and a finite
ordinal α  0.
(1) k0(MR) α.
(2) MR is QFD and k0(S(MR)) α.
In particular, for α = 0, Corollary 1.19 gives precisely Faith’s theorem [13] and answers
a question raised by Albu and Rizvi [6, Remark 2.12].
Corollary 1.20 (Faith [13]). A module MR is Noetherian if and only if MR is QFD and
satisfies the ACC for subdirectly irreducible submodules.
Theorem 1.21. The following statements are equivalent for an arbitrary ordinal α  0 and
a lattice L ∈ U .
(1) L has dual Krull dimension (respectively k0(L) α).
(2) L is QFD, L is rich in subdirectly irreducibles, and 1/x has dual Krull dimension
(respectively k0(1/x) α) for each x ∈ S(L).
Proof. (1)⇒ (2) follows from Corollary 1.3.
(2) ⇒ (1). Let a < b in L. Since L is rich in subdirectly irreducibles, there exists
c ∈ S(b/a). Using Lemma 0.7, we see that b/c has dual Krull dimension (respectively
k0(b/c) α). Since L is QFD by hypothesis, we can apply Albu and Smith [7, Proposi-
tion 3.6] (respectively Albu and Smith [9, Proposition 3.10]) to obtain (1). 
Theorem 1.22. The following statements are equivalent for a lattice L ∈ U and an arbi-
trary ordinal α  0.
(1) k0(L) α.
(2) L is QFD and k0(1/x) α for all x ∈ I(L).
Proof. (1)⇒ (2) is clear.
(2) ⇒ (1). Since L has QFD, there exists a finite set Y = {y1, y2, . . . , yn} ⊆ L such
that Y is independent, each yi is uniform, and
∨
Y is essential in L. By Zorn’s Lemma,
choose mi ∈L maximal with respect to mi ∨j =i yj and mi ∧ yi = 0. Then mi ∨ yi is an
essential uniform element of the lattice 1/mi , and hence mi is meet irreducible in L.
We claim that m1 ∧ · · · ∧mn = 0. Indeed, by modularity, m1 ∧ (∨Y )=∨i2 yi . Then,
inductively, for t < n we have m1 ∧ · · · ∧mt ∧ (∨Y )=∨it+1 yi . So
m1 ∧ · · · ∧mn ∧
(∨
Y
)
=mn ∧ yn = 0.
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∨
Y is essential in L, it follows that m1 ∧ · · · ∧mn = 0, as claimed.
By hypothesis, we have k0(1/mi) α. Suppose for induction that
k0
(
1/(m1 ∧ · · · ∧mt)
)
 α.
For simplicity, set m :=m1 ∧ · · · ∧mt . Then
k0
(
1/(m1 ∧ · · · ∧mt+1)
)
max
{
k0(1/m), k0
(
m/(m∧mt+1)
)}
= max{k0(1/m), k0((m∨mt+1)/mt+1)}
max
{
k0(1/m), k0(1/mt+1)
}
 α.
Hence k0(L) = k0(1/(m1 ∧ · · · ∧mn)) α. 
Question 1.23. Do dual characterizations to those in Theorems 1.21 and 1.22 hold for
L ∈ U having k(L) α?
Corollary 1.24. The following statements are equivalent for a module MR and an arbitrary
ordinal α  0.
(1) k0(MR) α.
(2) MR is QFD and k0(M/N) α for every subdirectly irreducible submodule N of M .
(3) MR is QFD and k0(M/N) α for every irreducible submodule N of M .
The following example shows that it is important to have an upper continuous lattice for
all our previous results.
Fig. 1.
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1. Draw a guideline triangle in the real plane R×R with vertices O = (0,0), S = (0, 12 ),
and I = (1,1). Label the edge OI as B , the edge OS as E, and the edge SI as T .
2. Draw vertical guideline segments En = InSn in the triangle OSI above the points
In = (1 − 1n ,1 − 1n) for n = 1,2, . . . , where the points Sn are on T . We can also write
E0 =E.
3. Let α be a countable ordinal. Embed ωα + 1 into the vertical segment E, so that the
point O is identified with the initial point of ωα + 1 and the point S is identified with the
final point of ωα +1. From each of these points draw a guideline segment Tβ to the point I ,
where 0 < β  ωα . We can also write T0 = B and Tωα+1 = T .
4. Let L consists of all intersection points of the guidelines En, n ∈ N, with the guide-
lines Tβ , 0 β  ωα + 1, together with the point I .
Let (x, y) (u, v) in L if and only if (u, v) lies on or above the diagonal guideline Tβ
and on or to the right of the vertical guideline En through (x, y).
Now L is a complete modular lattice that is not upper continuous:
S ∧
( ∨
x∈L∩B,x<I
x
)
= S and
∨
x∈L∩B,x<I
(S ∧ x)=O.
Note further:
(a) Every element of L below T is meet reducible.
(b) Every element of L that is not on a boundary line (E, B , or T ) and that is not on a
Tβ for β a limit ordinal has two maximal elements below it.
(c) The points I and E ∩ Tβ with β a limit ordinal have no maximal element below
them; all other boundary points of L (on E, B , or T ) have one maximal element below
them.
(d) Every interval b/a of L has a subdirectly irreducible quotient interval. If b = I , then
there exists t on T such that a < t < b, and b/t  ω+1 is subdirectly irreducible. If b = I ,
then b is on a vertical guideline En; if a is not on En, then there exists a maximal point m
on En−1 under b such that a m; if a is on En, then b/a is order isomorphic to a closed
interval of the ordinal ωα + 1. In both these cases, b/a has also a subdirectly irreducible
quotient interval.
(e) t ∈ L is subdirectly irreducible if and only if t is on T and t < I . In this case I/t 
ω + 1; so k0(I/x)= 1 for each subdirectly irreducible x ∈ L.
(f) k0(L) = k0(I/O) = max{k0(S/O), k0(I/S)} = max{k0(ωα + 1), k0(ω + 1)} =
max{α,1} = α.
(g) L is QFD and the Goldie dimension of I/x is  2 for each x ∈ L.
We end this section with a result (Theorem 1.28) which evaluates k0(L) in terms of
small elements. In particular we answer in the positive an Open Problem raised by Albu
and Rizvi [6].
Lemma 1.26. Let L ∈ U . If, for each x ∈ L, there exists s  x such that s is small in x/0
and x/s is QFD, then for each y  x, there exists s′ ∈ x/y such that s′ is small in x/y and
x/s′ is QFD.
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Proposition 1.27. The following assertions are equivalent for a lattice L ∈ U .
(1) L is QFD.
(2) For each x ∈L, there exists s  x such that s is small in x/0 and x/s is QFD.
Proof. (1)⇒ (2). Take s = 0.
(2) ⇒ (1). We will use Lemma 0.10. Let D ⊆ L be a directed set and e = ∨D. If
e ∈D, then we take d0 = e and we are done.
Now suppose that e /∈ D. Let d1 ∈ D be fixed. By hypothesis and Lemma 1.26, there
exists s ∈ e/d1 such that s is small in e/d1 and e/s is QFD. Let
D′ = {d ∨ s | d ∈D, d  d1}.
Then D′ is directed with supremum e, and e /∈ D′ since s is small. Moreover, D′ ⊆ e/d1,
which is QFD. Using Lemma 0.10, we obtain d0 ∈ D, d0  d1 such that, for every d ∈ D,
d  d0, d ∨ s is small in e/(d0 ∨ s). We are going to show that every d ∈D, d  d0, is
small in e/d0. Suppose that d ∨m = e for some m ∈ e/d0. Then (d ∨ s)∨ (m∨ s) = e in
e/(d0 ∨ s). Since d ∨ s is small in e/(d0 ∨ s), we deduce that m∨ s = e. But s is small in
e/d1 ⊇ e/d0; hence m= e.
In conclusion, for any directed set D ⊆ L, we have found a d0 ∈ D such that every
d ∈D, d  d0, is small in e/d0. Using again Lemma 0.10, we see that L is QFD. 
Theorem 1.28. The following statements are equivalent for a lattice L ∈ U and an ordinal
α  0.
(1) k0(L) α.
(2) For every x ∈ L, there exists s  x such that s is small in x/0 and k0(x/s) α.
Proof. (1)⇒ (2) is trivial: use s = 0.
(2)⇒ (1). Combine Proposition 1.27 and Albu and Smith [9, Proposition 3.10]. 
The next result, which is the dual of [12, Theorem 6.3] and [18, Lemma 6], answers in
the positive an Open Problem raised by Albu and Rizvi [6, p. 1923].
Corollary 1.29. The following are equivalent for a module MR and an ordinal α  0.
(1) k0(M) α.
(2) Every submodule X of M has a small submodule S with k0(X/S) α.
2. Applications to torsion theories and Grothendieck categories
An important problem in Module Theory is relativize a certain notion or property.
Roughly speaking, this means to study a property of submodules of a given module MR in
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τ = (T ,F) on the category Mod-R.
The relativization of a property is not always a simple job (see, e.g., the Teply–Miller
Theorem [5,14,22]); sometimes it may be even impossible. By the well-known Gabriel-
Popescu Theorem the relativization of a certain property P for M ∈ Mod-R is essentially
equivalent to the investigation of the same property P for the canonical image of M in
the quotient category Mod-R/T associated with the torsion theory τ . Thus, one way to
approach relativization is to translate relative module theoretical conditions into absolute
conditions in the Grothendieck category Mod-R/T and to prove the desired result for
any Grothendieck category. Another approach to the problem is to solve it in a latticial
setting and then to apply the result to Satτ (M) or to the Grothendieck category. This latter
approach is more natural and has the advantage that it reveals the strong latticial nature of
many relativized theorems.
This section contains specializations of our previous results, which are obtained by
applying them to modules categories equipped with a hereditary torsion theory and to
Grothendieck categories.
As we have already seen, our characterizations of upper continuous modular lattices L
with k0(L) α require the lattice L to be rich in subdirectly irreducibles. This condition is
automatically satisfied for the lattice of submodules of any module M . But for an arbitrary
hereditary torsion theory τ on Mod-R, the lattices Satτ (M) may fail to be rich in subdi-
rectly irreducibles. Therefore, we first look for sufficient conditions on τ to insure that, for
any module MR , the lattice Satτ (M) is rich in subdirectly irreducibles.
Throughout this section R denotes an associative ring with nonzero identity, and Mod-R
the category of all unital right R-modules. We shall use the notation MR to emphasize that
M is a right R-module. For any module MR we denote by ER(M) its injective hull.
Throughout, τ = (T ,F) is a fixed hereditary torsion theory on Mod-R, and τ (M) de-
notes the τ -torsion submodule of a right R-module M .
A submoduleN of M is τ -dense (in M) if τ (M/N) =M/N ; i.e., if M/N is τ -torsion. It
is τ -closed if τ (M/N) = 0; i.e., if M/N is τ -torsionfree. The τ -closure of N (in M) is the
submodule N =⋂{C | N  C M,τ(M/C) = 0}. It is the smallest τ -closed submodule
of M that contains N and also is the largest submodule of M in which N is τ -dense. The
set Fτ := {D  RR | D =R} of τ -dense right ideals is called the Gabriel filter or Gabriel
topology associated with τ .
It is known that Satτ (M) is an upper continuous modular lattice for any MR (see
Stenström [26, Chapter 9, Proposition 4.1]). We say that MR is τ -Artinian (respectively
τ -Noetherian) if the lattice Satτ (M) is Artinian (respectively Noetherian). If the module
RR is τ -Artinian (respectively τ -Noetherian), we say that the ring R is right τ -Artinian (re-
spectively right τ -Noetherian). The τ -Krull dimension kτ (M) (respectively τ -dual Krull
dimension k0τ (M)) of M is defined as the Krull dimension (respectively dual Krull dimen-
sion) of the lattice Satτ (M).
Recall that a module MR is said to be τ -simple if the lattice Satτ (M) has exactly two
elements; i.e., Satτ (M) = {τ (M),M} and M /∈ T . A τ -simple τ -torsionfree module is
called τ -cocritical. A right ideal I of R is called τ -critical if the right R-module R/I is
τ -cocritical.
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Albu [2]). Let MR , and let L,N ∈ Satτ (M). If M ∈ F , then N is an essential element
of the lattice Satτ (M) if and only if N is an essential submodule of M . If XM , M ∈F ,
and M/X ∈ T , then X is an essential submodule of M . If LN , then the assignment
X/L →X defines a lattice isomorphism from the lattice Satτ (N/L) onto the interval
[L,N] of the lattice Satτ (M). The atoms of the lattice Satτ (M) are exactly the τ -closed
τ -simple submodules of M .
For any MR the τ -socle sτ (M) of M is defined as being the τ -closure of the sum of
all τ -simple submodules of MR . Note that sτ (M) is exactly the socle s(Satτ (M)) of the
lattice Satτ (M), that is, the join of all of its atoms (see Albu [2, Proposition 1.15]).
For all undefined notation and terminology on torsion theories the reader is referred to
Albu and Na˘sta˘sescu [5], Golan [15], and Stenström [26].
As in Albu, Iosif, and Teply [3], a module MR is said to be τ -QFD if for any N ∈
Satτ (M), the quotient module M/N has finite Goldie dimension, or equivalently, the lattice
Satτ (M) is QFD.
Definition 2.1. We say that a module M is τ -subdirectly irreducible, abbreviated τ -SI, if
the lattice Satτ (M) is subdirectly irreducible.
Proposition 2.2. The following assertions are equivalent for a nonzero module M ∈F .
(1) M is τ -SI.
(2) The intersection of all nonzero τ -closed submodules of M is nonzero.
(3) M has an essential τ -simple τ -socle.
(4) M has an essential τ -cocritical submodule.
(5) There exists a τ -critical right ideal J of R such that M is isomorphic to a submodule
of ER(R/J ).
Proof. (1)⇔ (2) is trivial.
(1) ⇒ (3). Let S ∈ Satτ (M) be the least element of Satτ (M) \ {0}. Since the interval
[0, S] of Satτ (M) has exactly two elements, it follows that S is a τ -cocritical module,
and hence S  sτ (M). If S′ is any other τ -simple (or τ -cocritical) submodule of M , then
S  S′; hence necessarily S′ = S, and so, sτ (M)= S. Since S is contained in any nonzero
member of Satτ (M), we deduce that S M is an essential extension in Satτ (M), and so,
also in Mod-R.
(3)⇒ (4) is trivial.
(4) ⇒ (1). Let C be an essential τ -cocritical submodule of M . Then C ∈ Satτ (M) is
again an essential τ -cocritical submodule of M . We are going to show that T := C is the
least element of Satτ (M). Let 0 = X ∈ Satτ (M). Then 0 = T ∩ X ∈ Satτ (T ), and since
Satτ (T ) has exactly two elements, it follows that T ∩X = T ; i.e., T X, as desired.
(4) ⇒ (5). If C is an essential τ -cocritical submodule of M , then for every 0 = x ∈ C,
the cyclic R-module Rx is τ -cocritical; so the annihilator AnnR(x) of x is a τ -critical
right ideal of R. Observe that C = xR; so C/Rx ∈ T , which implies that xR is an es-
sential submodule of C. Consequently, xR is an essential submodule of M , and hence
M ER(M)=ER(xR) ER(R/I), as desired.
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submodule Y of ER(D) is an essential extension of the τ -cocritical module Y ∩D. 
Remarks 2.3. (1) If MR is any module that is not τ -torsion, then M is τ -SI if and only if
M/τ(M) is τ -SI.
(2) If MR is a module and N M , then N is τ -SI if and only if N is τ -SI.
(3) A similar characterization as that in Proposition 2.2 holds for a more general situ-
ation: an arbitrary nonzero lattice L ∈ U is SI ⇔ 0 =∧x∈L\{0} x ⇔ L has an essential
atom ⇔L has an essential simple socle.
(4) Observe that the implication (1) ⇒ (3) in Proposition 2.2 holds for any nonzero
module M , that is not necessarily τ -torsionfree. However, the implication (3) ⇒ (1) may
fail in general, as the following example shows. Let
R =
(R R R
0 Q R
0 0 R
)
and consider the hereditary torsion theory τ on Mod-R having the torsion class generated
by the simple projective right R-module
(0 0 0
0 0 0
0 0 R
)
.
Then
τ (R) =
(0 0 R
0 0 R
0 0 R
)
and
(0 x 0
0 0 0
0 0 0
)
R =
(0 xQ R
0 0 0
0 0 0
)
is τ -simple for each x ∈ R. There are uncountably many distinct τ -simple left R-modules;
so
e11R =
(R R R
0 0 0
0 0 0
)
is not τ -SI.
We denote by Maxτ (R) the set of all maximal elements of the poset (Satτ (RR) \ {R},⊆).
It is known that a right ideal I of R is τ -critical if and only if I ∈ Maxτ (R) (see, e.g., Albu
and Na˘sta˘sescu [5, Proposition 7.15]). Observe that we may have Maxτ (R) = ∅ as the
following example of Albu and Na˘sta˘sescu [4, Remarques 2.5(2)] shows: let R be any
commutative von Neumann regular ring which is not semi-Artinian (e.g., an infinite direct
product of fields), and let δ be the simple Dickson torsion theory, that is, the torsion the-
ory having as torsion modules precisely the Loewy (or semi-Artinian) R-modules. Then
Maxδ(R) = ∅.
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Maxτ (R) = ∅. Recall that by a basis of the Gabriel filter Fτ we mean a subset B of
Fτ such that every right ideal in Fτ contains some J ∈ B .
Lemma 2.4 (Albu and Na˘sta˘sescu [4, Remarques 2.5(3)]). Suppose that Fτ has a basis of
finitely generated right ideals. Then, the poset (Satτ (RR) \ {R},⊆) is inductive, and so, a
τ -relative Krull Lemma holds:
∀I ∈ Satτ (RR) \ {R}, ∃J ∈ Maxτ (R) such that I ⊆ J. (†)
In particular, Maxτ (R) = ∅.
Proposition 2.5. Let τ be a hereditary torsion theory on Mod-R satisfying the τ -Krull
Lemma condition (†) of Lemma 2.4. Then, the following statements hold.
(1) Every module MR which is not in T has a τ -SI quotient module.
(2) For every module MR the lattice Satτ (M) is rich in subdirectly irreducibles.
(3) τ (M)=⋂N∈S(Satτ (M)) N for every module MR /∈ T .
Proof. By replacing M with its quotient module M/τ(M), we may assume without loss
of generality that 0 = M ∈ F . Pick 0 = x ∈ M . Then xR  R/I , where I = AnnR(x) ∈
Satτ (RR) \ {R} is the annihilator of x . By assumption, there exists J ∈ Maxτ (R) with
I ⊆ J .
Then, the nonzero composed map of canonical morphisms
xR R/I → R/J ↪→ ER(R/J )
extends to a nonzero morphism
f :M → ER(R/J ),
which induces a monomorphism M/Ker(f )ER(R/J ). Now, observe that the nonzero
τ -torsionfree module ER(R/J ) is τ -SI by Proposition 2.2. Then, so is also the quotient
module M/Ker(f ) of M . This proves (1).
(2) Follows at once from (1), while (3) follows from (2) and Corollary 1.7. 
Remarks 2.6. (1) By Lemma 2.4, the results of Proposition 2.5 hold for every hereditary
torsion theory τ on Mod-R for which Fτ has a basis of finitely generated right ideals.
(2) Note that the right Goldie (singular) torsion theory σ for the upper triangular ring
R =
(
Q R
0 Q
)
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finitely generated right ideals since the minimal filter element
(
0 R
0 Q
)
is not finitely generated as a right ideal.
(3) The next example shows that a torsion theory τ may not satisfy condition (†), but
Satτ (M) is rich in subdirectly irreducibles for any right R-module M . Let
R =
(
Z Zp∞
0 Z
)
where p is a prime number. Consider the hereditary torsion theory τ on Mod-R with the
Gabriel filter
Fτ =
{
KR
∣∣∣K ⊇ (0 Zp∞0 qZ
)
, for some q ∈ Z,p  q
}
.
By checking annihilators of elements, we see that RR is τ -torsionfree; hence the summand
I =
(
0 0
0 Z
)
is a τ -closed right ideal of R.
Suppose that JR ⊇ I . If J contains an element(
x y
0 w
)
with x = 0, then
(
0 xZp∞
0 0
)
=
(
x y
0 w
)(
0 Zp∞
0 0
)
∈ J.
Since Zp∞ is a divisible Abelian group, then
J ⊇
(
0 Zp∞
0 Z
)
∈ Fτ .
Hence any τ -closed right ideal J that contains I has necessarily the form
Bn =
(
0 Cn
0 Z
)
where Cn is a cyclic group of order pn.
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forms a strictly ascending chain, there is no maximal τ -closed right ideal containing I .
Thus condition (†) fails.
We are now going to show that every module MR that is not τ -torsion is rich in sub-
directly irreducibles. To see that, it is sufficient to show that each τ -torsionfree nonzero
module MR has a τ -torsionfree simple subfactor. Let M be such a module. If there exists
0 = x ∈M such that
x
(
0 Zp∞
0 0
)
= 0
then M contains a semi-Artinian submodule whose Loewy factors are τ -torsionfree; so we
would be done. Thus we may assume that
M
(
0 Zp∞
0 0
)
= 0.
Since M is τ -torsionfree, it now follows that
x
(
0 0
0 1
)
= 0
for each 0 = x ∈M . Consequently
x
(
0 0
0 Z
)/
x
(
0 0
0 pZ
)
is a simple τ -torsionfree subfactor of M .
(4) The condition Maxτ (R) = ∅ on τ , which is a consequence of the condition (†)
in Lemma 2.4 does not ensure the validity of Proposition 2.5. To see this, let V be a
commutative non-Noetherian valuation domain of rank 1 with the maximal ideal I = I 2,
let F be any field, and let R = F × V . Let τ be the torsion theory on Mod-R with the
Gabriel filter Fτ = {F × I,R}. Then the R-module R/V  F is simple; so it is either
τ -torsion or τ -torsionfree. Since 0 × V /∈ Fτ , then F is not τ -torsion, so it is necessarily
τ -torsionfree. It follows that Maxτ (R) = ∅.
On the other hand, the τ -torsionfree module VR has no τ -SI factor. Suppose not. Let
V/K be τ -SI. Without loss of generality we may assume that V/K is τ -torsionfree and
L/K is the least element of Satτ (V /K). Then L/K is τ -critical. Since HomR(F,V/K)=
0 and since V/I is τ -torsion, V/K has no simple R-submodules. Then soc(L/K) = 0,
and hence we can find a chain 0 ⊂ X/K ⊂ Y/K ⊂ L/K . Since L/K is the least element
of Satτ (V /K), then L/X  (L/K)/(X/K) is τ -torsion. Now, each τ -torsion R-module is
annihilated by the maximal ideal F × I . Hence L/X is semi-simple. In particular L/X =
(Y/X)⊕ (W/X) for some W/X = 0. Hence Y and W are incomparable ideals of V . This
contradicts the fact that V is a valuation domain.
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Lemma condition (†) of Lemma 2.4. Then the following statements are equivalent for a
module MR and an ordinal α  0.
(1) k0τ (M) α.
(2) M is τ -QFD and k0τ (M/X)  α for each meet irreducible element X of the lattice
Satτ (M).
(3) M is τ -QFD and k0τ (M/X)  α for each subdirectly irreducible element X of the
lattice Satτ (M).
Proof. Combine Proposition 2.5 with Theorems 1.21 and 1.22. 
Example 2.8. This example shows that the result in Corollary 2.7 can fail if we use subdi-
rectly/meet irreducible submodules of M instead of subdirectly/meet irreducible elements
of Satτ (M).
Let D be Z localized at a prime p, and let Q be the quotient field of D (so Q= Q). Let
R =
(
Q Q Q
0 D Q
0 0 Q
)
and I =
(
Q Q Q
0 0 Q
0 0 Q
)
.
Then I is a two-sided idempotent ideal of R, and T = {M | MI = 0} is a torsion class for
a hereditary torsion theory τ on Mod-R. Observe that R is right τ -Noetherian and right
τ -Artinian with τ -composition series:
0 ⊂
(0 0 0
0 0 0
0 0 Q
)
⊂
(0 0 0
0 D Q
0 0 Q
)
⊂
(0 Q Q
0 D Q
0 0 Q
)
⊂R.
Let
M = (Q Q Q) and N = (0 D Q)
be R-modules by matrix multiplication; so M and N are isomorphic to right ideals of R
(in the first row). Then N is meet-irreducible in M , as M/N is isomorphic to an extension
of D by Q (and hence has essential simple socle that is isomorphic to Zp). However, M/N
is not Noetherian, so that k0(M/N)  0.
Corollary 2.9. Assume that the filter for the torsion theory τ has a basis of finitely gener-
ated right ideals. Then the following statements are equivalent for a module MR .
(1) M is τ -Noetherian.
(2) Satτ (M) is QFD and has ACC on subdirectly irreducible elements.
Corollary 2.10. Let τ be a torsion theory on Mod-R. Then R is right τ -Noetherian if and
only if the following conditions are valid.
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(b) Satτ (R) has ACC on subdirectly irreducible elements.
(c) the filter Fτ has a basis of finitely generated right ideals.
Proof. Combine Corollary 2.9 with Teply [24, Theorems 1.2 and 1.5]. 
Corollary 2.11. Let τ be a hereditary torsion theory on Mod-R satisfying the τ -Krull
Lemma condition (†) of Lemma 2.4. Then, the following statements are equivalent for a
module MR .
(1) k0τ (M) exists and is countable.
(2) M is τ -QFD and k0(S(Satτ (M))) exists and is countable.
If conditions (1) and (2) are met and −1  k0(S(Satτ (M))) = α, then k0τ (M) = α or
k0τ (M)= α + 1. Moreover, the first equality occurs if 0 α < ω.
Proof. Combine Theorem 1.18 with Proposition 2.5. 
For the remaining of this section G will denote a Grothendieck category, that is, an
Abelian category with exact direct limits and with a generator. It is well known that every
object X ∈ G has an injective hull, which will be denoted by E(X).
We shall denote by Sim(G) a representative set of all isomorphism classes of simple
objects of G, and for any object X ∈ G, L(X) will denote the lattice of all subobjects of X.
It is well known that L(X) is an upper continuous modular lattice (see, e.g., Stenström [26,
Chapter 4, Proposition 5.3, and Chapter 5, Section 1].
For all undefined notation and terminology on Abelian categories the reader is referred
to Albu and Na˘sta˘sescu [5] and Stenström [26].
We say that an object X ∈ G has finite Goldie dimension (respectively has (dual) Krull
dimension, is QFD) if the lattice L(X) has finite Goldie dimension (respectively has (dual)
Krull dimension, is QFD). If X has Krull dimension (respectively dual Krull dimension),
we write k(X)= k(L(X)) (respectively k0(X) = k0(L(X))).
The existence of subdirectly irreducible subobjects of an object X ∈ G is intimately re-
lated to the existence of simple objects of G. It may happen that G has no simple object;
i.e., Sim(G) = ∅ (see, e.g., Albu and Na˘sta˘sescu [4]). In this case the only object in G hav-
ing (dual) Krull dimension is the zero object of G. Indeed, assume that G has a nonzero
object with Krull dimension. If k(X) = α, then we have α  0 since X = 0. According to
McConnell and Robson [21, Proposition 6.1.7] applied to the poset A= L(X), there exist
a subfactor Z/Y of X, with Y  Z X, such that k(Z/Y )= 0; i.e., Z/Y is a nonzero Ar-
tinian object of G, and then, Z/Y has a simple subobject, which contradicts our hypothesis
that Sim(G)= ∅. This also follows from Proposition 1.2.
Let U be any generator of the Grothendieck category G, and let RU be the ring EndG(U)
of endomorphism of U . If SU :G → Mod-RU is the functor HomG(U,−), then SU has a
left adjoint TU . By the Gabriel-Popescu Theorem (see, e.g., Stenström [26, Chapter 10,
Theorem 4.1]), TU ◦ SU  1G and Ker(TU) := {M ∈ Mod-RU | TU(M) = 0} is a localiz-
ing subcategory of Mod-RU (i.e., a hereditary torsion class of Mod-RU ); moreover, the
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modules as follows:
G  Mod-RU/Ker(TU ).
Proposition 2.12. The following assertions are equivalent for a Grothendieck category G.
(1) G has a finitely generated generator.
(2) There exists a unital ring A and a hereditary torsion theory χ = (H,E) on Mod-A
such that G  Mod-A/H and the Gabriel filter Fχ has a basis of finitely generated
right ideals of A.
(3) There exists a unital ring A and a hereditary torsion theory χ = (H,E) on Mod-A
such that G  Mod-A/H and the lattice Satχ (A) is compact.
Proof. (2) ⇔ (3). This follows since for any hereditary torsion theory τ on Mod-R, the
Gabriel filter Fτ has a basis consisting of finitely generated right ideals if and only if the
lattice Satτ (R) is compact by Stenström [26, Chapter 13, Proposition 1.2].
(1)⇒ (3). Let U be a finitely generated generator of G. By the Gabriel-Popescu Theo-
rem we have G  Mod-RU/Ker(TU ). Set A= RU and χ = (Ker(TU ),EU), where
EU =
{
Y ∈ G | HomG(X,Y )= 0, ∀X ∈ Ker(TU )
}
.
By Albu and Na˘sta˘sescu [5, Proposition 7.10], the lattices L(U) and Satχ (A) are isomor-
phic; since L(U) is compact, so is Satχ (A).
(3) ⇒ (1). Let H be the composition of the canonical functor Mod-A → Mod-A/H
with the given equivalence functor Mod-A/H → G, and let V := H(AA). Then V is
clearly a generator of G. Since the canonical image of AA in the quotient category
Mod-A/H is finitely generated, so is V . 
Corollary 2.13. If the Grothendieck category G has a finitely generated generator, then
Sim(G) = ∅.
Proof. Combine Proposition 2.12 and Lemma 2.4. 
Question 2.14. If the Grothendieck category G has Sim(G) = ∅, then does it follow that G
has a finitely generated generator?
Definition 2.15. We say that an object X of G is subdirectly irreducible, abbreviated SI, if
the lattice L(X) is subdirectly irreducible.
A subobject Y of an object X ∈ G is said to be subdirectly irreducible in X if the quotient
object X/Y is subdirectly irreducible.
We shall denote by S(X) the set of all subdirectly irreducible subobjects of X.
Proposition 2.16. The following assertions are equivalent for a Grothendieck category G
and a nonzero object X of G.
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(2) The intersection of all nonzero subobjects of X is nonzero.
(3) X has an essential simple socle.
(4) X has an essential simple subobject.
(5) X is isomorphic to a subobject of an injective hull of a simple object of G.
Proof. The first four statements are equivalent by Remarks 2.3(2) applied to the lat-
tice L(X). Since in a Grothendieck category any object has an injective hull, one deduces
at once that (4)⇔ (5). 
Corollary 2.17. A Grothendieck category G has at least an SI object if and only if
Sim(G) = ∅, and in this case, for any SI object X ∈ G we have
0 =
⋂
Y∈S(X)
Y.
Now, it is clear that many of the previous results established for Satτ (M) can be ex-
pressed in the setting of Grothendieck categories. We will illustrate this by presenting only
two of them.
Corollary 2.18. The following assertions are equivalent for a Grothendieck category G
having a finitely generated generator, an object X ∈ G, and an ordinal α  0.
(1) k0(X) α.
(2) X is QFD and k0(X/Y ) α for each meet irreducible subobject Y of X.
(3) X is QFD and k0(X/Y ) α for each subdirectly irreducible subobject Y of X.
Corollary 2.19. The following assertions are equivalent for a Grothendieck category G
having a finitely generated generator and an object X ∈ G .
(1) X is Noetherian.
(2) X is QFD and has ACC on subdirectly irreducible subobjects.
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